Abstract. In the paper, we consider the free boundary value problem to 3D spherically symmetric compressible isentropic Navier-Stokes-Poisson equations for self-gravitating gaseous stars with γ-law pressure density function for
Introduction and Main Results
The motion of self-gravitating viscous gaseous stars can be described by the compressible NavierStokes-Poisson (NSP) system in R 3 :    ρ t + div(ρu) = 0, (ρu) t + div(ρu ⊗ u) + ∇P (ρ) = µ△u + (λ + µ)∇divu + ρ∇Φ, −△Φ = 4πρ (1) where (x, t) ∈ R 3 × R + , ρ(x, t), u(x, t) = (u 1 (x, t), u 2 (x, t), u 3 (x, t)), P (ρ) and Φ denote the density, velocity, pressure and the potential function of the self-gravitational force respectively. The constants µ and λ are Lamé viscosity coefficients satisfying µ > 0, 2µ + 3λ ≥ 0.
We assume the polytropic gas pressure
where γ > 1 is the adiabatic exponent and κ > 0 is an entropy constant which is to be one for simplicity. In the motion of gaseous stars, the different value of γ may affect the existence, uniqueness and stability of stationary solutions. For the spherically symmetric motion, stationary solution (ρ(r), 0) with non-moving gaseous sphere, satisfies the following:
The ordinary differential equation (4) can be transformed into the famous Lane-Emden equation [1] . For given finite total mass, there exists at least one compactly supported stationary solution to (4) for 6 5 < γ < 2, refer to [12] . For 4 3 < γ < 2, every stationary solution is compactly supported and unique. For γ = 6 5 , there is a unique solution with infinite support, and it can be written explicitly in terms of the Lane-Emden function. On the other hand, for 1 < γ < 6 5 , there are no stationary solutions with finite total mass. Recently, many important study on the asymptotic stability/instability of stationary solutions has been made, for instance, in [2, 12, 9, 7, 14, 15, 16] . Due to the balance between flow pressure and gravity force, it was shown that there is a critical value γ c = 4 3 in spatial three-dimension, the stationary Lane-Emden solution is expected to be stable for γ > 4 3 and instable for γ < 4 3 . Indeed, Jang and Tice [9] prove the instability theory of the NSP equations for 6 5 < γ < 4 3 , and the nonlinear asymptotic stability of the Lane-Emden solutions for the viscous gaseous star is established by LuoXin-Zeng [14, 15] for 4 3 < γ < 2. For γ = 6 5 , the nonlinear instability is proved for gravitational Euler-Poisson system in [7] .
The free boundary value problem (FBVP) for the compressible NSP equations which involves the influence of the vacuum state on the existence and dynamics of solutions has attracted lots of research interests and been studied extensively, refer to [5, 8, 9] and the references therein. For instance, Jang [8] establishes the local-in-time well-posedness of spherically symmetric strong solutions to the free boundary value problem for 6 5 < γ < 2. The global spherically symmetric weak solutions are constructed in [5] for γ > 4 3 where the choice of γ > 4 3 plays a critical role on the energy estimates to ensure that the negative gravitational energy can be dominated by the positive kineticinternal/dissipation energy. The global existence of a spherically symmetric entropy weak solution for the compressible NSP system with density-dependent viscosity coefficients to the FBVP is shown for general initial data with finite entropy when the density changes discontinuously across the interfaces separating the fluid and vacuum in [3] with the stress-free boundary condition and the zero flow density continuously across the free boundary. And it is also interesting to investigate the long time behaviors of global solution to the FBVP.
In this paper, we investigate the FBVP for the compressible NSP system (1) for viscous gaseous stars with the stress-free boundary condition and the zero flow density across the free boundary. For spherically symmetric initial data with finite mass (smaller than a critical mass) and energy, we prove the global existence of spherically symmetric weak solutions to the FBVP problem for (1), establish the regularities of solution and the positivity of flow density, and obtain the expanding rate of the domain occupied by the fluid for To state the main results, let us consider the spherically symmetric solution (ρ, u) to (1) in R 3 so that ρ(x, t) = ρ(r, t), u = u(r, t) x r , r = |x|, and (1) are changed to
At the center of symmetry we impose the Dirichlet boundary condition
and across the free surface ∂Ω t which moves in the radial direction along the particle path r = a(t), the vacuum state appears and the stress-free boundary condition holds
where a ′ (t) = u(a(t), t), t > 0 , a(0) = a 0 > 0 and the stress (effective viscous flux) F is defined by
Definition 1.1. (ρ, u, a) with ρ ≥ 0 a.e. is said to be a weak solution to the free boundary value problem
and the equations are satisfied in the sense of distribution. Namely, it holds for any t 2 > t 1 ≥ 0 and
and for ψ = (
where Ω t = {r ∈ R + |0 ≤ r ≤ a(t)}, and
where Φ is defined in R 3 through the Poisson equation with Φ → 0 as |x| → ∞ and ρ = 0 in R 3 \Ω t at time t. The free boundary condition (8) is satisfied in the sense of trace.
Then, we have the main results on global existence and long time behavior of solution to free boundary value problem of (1) for 
where k is the constant satisfying 0 < k ≤ γ − 
, which satisfies ρ(r, t) ≥ 0 a.e. and 
where r xi (t), i = 0, 1, 2, is the particle path defined by
(ii) (Interior regularity) If the initial velocity also satisfies
where r x0 (t) is the particle path defined as above and r x b (t) is the particle path with r x b (0) = r b and 
,
and then for any t > 0, 1
therefore,
where C is a constant independent of time.
In particular, it holds for γ =
and for γ ∈ ( ), there exists time sequence {t n } such that a(t n ) (1 + t n ) β → +∞, t n → +∞.
(28) Remark 1.4. As shown in [12] , for given finite total mass M , there exists at least one compactly supported stationary solution (ρ(r), 0) satisfying (4) in a finite domain [0,ā] for
And it is not difficult to analyze that the steady state (ρ(r), 0) does not fit the phenomenon shown in Theorem 1.3. Indeed, it is easy to obtain that the energy of (ρ(r), 0) satisfies
3 . But for any solution which satisfies the assumption of Theorem 1.3, its energy satisfies
γ r 2 dr (which will be proved in Lemma 2.1). This is a contradiction provided that (ρ(r), 0) satisfies the assumption of Theorem 1.3. In addition, one can conclude from (24) that the mean value of total pressure is dispersive for any dynamical solution which is different from the stationary solution.
The rest part of the paper is arranged as follows. In Sect. 2, the uniform a-priori estimates of global approximate solutions are established and the Theorem 1.2 on global existence of spherically symmetric solution to original problem is shown. Particularly, we make basic energy estimate , the integrability of the pressure and the bounds of density in the Eulerian coordinates. After that, by the Lagrangian coordinates transform we translates the moving domain into a fixed domain to estimate the higher regularity of the approximate solutions near the free boundary and in the interior domain. In Sect. 3, the Theorem 1.3 on the long time expanding rate of the domain is established.
A-Priori Estimates
To prove Theorem 1.2, let us consider the following modified free boundary value problem:
for (r, t) ∈ Ω ε T = {(r, t)|ε ≤ r ≤ a(t), 0 ≤ t ≤ T } with the following initial data and boundary condition for any fixed small ε > 0
where (a ε ) ′ (t) = u ε ((a ε (t), t), t > 0 and a ε (0) = a 0 . We should establish the global existence and the uniformly a priori estimates of the approximate solution sequence with respect to ε > 0. Without the loss of generality, one can assume that the initial data is smooth enough and consistent with the boundary value (31) to the higher order. The uniform estimates of the approximate solutions will be made. From simplicity, we omit the subscript ε below.
To deal with the motion of free boundary, it is convenient to investigate the approximate FBVP problem (29)-(31) in Lagrangian coordinates . Let (ρ, u, a) be any strong solution to the FBVP (29)-(31). By the conservation of mass
define the Lagrangian coordinates transform
and
The free boundary problem (29)- (31) is changed to
The initial data and boundary conditions are given by
where r = r(x, τ ) is defined by
and the boundary x = M 4π corresponds to the free boundary a(τ ) = r(
In the rest part of this section, we make basic energy estimate, the integrability of the pressure and the bounds of density in the Eulerian coordinates and make boundary and interior estimates in Lagrangian coordinates. 
Estimates in Eulerian coordinates
where
Proof. Multiplying (29) 2 by ur 2 and integrating the resulted equation over (ε, a(t)), we obtain after integrating by part and using (30)
The second term on the left hand of (42) can be rewritten as follows 
We estimate the second term on the left hand side of (44) 
Using the elliptic equation (1) 3 , Hölder's inequality and interpolation inequality, one can get that
By the elliptic equation (1) 3 and the Hardy-Littlewood-Sobolev inequality, it holds that
and A γ is a positive constant just depending on γ. Thus we have 1 8π
and 2π a(t) (
By (45), (47) and (49), we have
where B = (4π)
). We want to show the negative gravitational energy can be dominated by the positive kineticinternal energy below that is
For the case γ = (44) and (50), we obtain
For the case
Then, we have
By (44), (50) and (53), it holds that
Define
which solves f ′ (s * ) = 0, and then there is
Thus, f (s) increases strictly in (0, s * ) and decreases strictly in (s * , +∞). We claim that under the condition
it holds that
f (
and the continuity of a(t) ε ρ γ r 2 dr with respect to t, we conclude that
If (63) is not correct, then by the continuity of a(t) ε ρ γ r 2 dr with respect to t and (61), there exists
which contradicts with (62). Therefore, (63) holds for t ≥ 0. By (50), (57) and (63), we obtain
We claim that under the condition
for some l > 1, it holds that f (
holds that f (s * ) > lE 0 and
Choose a positive constant 0 < α < 1, such that αl ≥ 1 and then
Based on (63), (65) and the growth of f (s) in (0, s * ), we obtain
By (50), (65) and (66), we obtain
If choose l, α satisfying 0 < α < 1, l > 1, αl ≥ 1,
Thus, one obtains (39) and (41) from (44) and (51). By (39), (48) and the fact that
we obtain (40). The proof of Lemma 2.1 is completed.
In order to use the similar method to prove the global existence as in [10, 5] , we need the uniform a-priori estimate around the symmetry center below. 
Proof. We multiply (29) 2 by ϕ(r)(= r 3 ) and integrate the resulted equation over (r, a(t)) (r ∈ [ε, a(t)]) to obtain
which yields It follows from (29) 1 that ρ γ satisfies
Then, one has
Substituting (74) into (72), we get 
{R.H.S of (75)}ϕ
The right hand side terms of (76) can be estimated as follows:
It is easy to see that by (39) and (40):
hence,
By (39) and (40), we get
which gives
We finally get
Use the same method as the proof of Lemma 3.4 in [6] , we gets the bounds of particle path which will be used to make other estimates below. 
Lemma 2.4. Let T > 0, 
where r(t) is particle path defined as (87) and C x,T , c x,T are positive constants.
A direct calculation together with (29) and (31) gives rise to
Rewrite (29) 1 as
which together with (29) 2 , yields
It follows from (83) and (84) 
Integrating (85) with respect to time t shows (ξ + (λ + 2µ) ln ρ)(r(t), t)
where r(t) is particle path defined as
Therefore, it holds that
It follows from Hölder's inequality, (39), (40) and (80) that
and,
(91) It holds that for the initial data
From the above estimates, we have
where C x,T := 2(C γ )
and c x,T :
Estimates in Lagrangian coordinates
The basic energy estimate can be written in Lagrangian coordinates as below. 
)dx, c 0 and C T are positive constants.
Then, we establish the uniform estimates of solutions away from symmetric center in Lagrangian coordinates.
Lemma 2.6. Let T > 0, 
where C x0 is a positive constant just depending on T,
. After integrating by part, it holds that
which implies
where we have used the fact
Using Lemma 2.5-2.4, Hölder's inequality, we obtain
where δ ∈ (0, 1) is a small positive constant and C x0 is a constant depending on x 0 , E 0 , T and
then we obtain
By (93), (99) and (101), we obtain
By (35) 1 , Lemma 2.5-2.4, we get
It follows (102)-(104) and Gronwall's inequality that
The fact that
together with (105) gives rise to
Lemma 2.7. Let T > 0,
Proof. Multiplying (35) 1 by qρ q−1 and differentiating the resulted equation with respect to x, we obtain
Multiplying (110) by (ρ q ) x and integrating over [
from which, together with Lemma 2.3-2.4, Lemma 2.5-2.6, we get
where C x1 is a constant depending on
. By Gronwall's inequality and Lemma 2.6, it holds that
Lemma 2.8. Let T > 0, 
where C x2 depends on T,
Proof. Differentiating (35) 2 with respect to τ , we obtain
Choose a smooth function ψ = ζ 2 (x) where ζ ∈ C ∞ ([0,
. Taking inner product of (116) with u τ ψ and integrating by part, it holds that
where we have used the following facts:
Choosing a small δ ∈ (0, 1) and using Gronwall's inequality, we get
Furthermore, we have
By (120) and Lemma 2.7, we obtain
At last, we obtain the interior estimates below.
Lemma 2.9. Let T > 0, 
that is inf
then it holds that
where c x ), there exists {t n } such that a(t n ) (1 + t n ) β → +∞, t n → +∞.
Indeed, if (161) does not hold, then there is a positive constant A β such that
By (154), (159), (160) 
This is a contradiction. Thus, the time expanding rate (161) of the free boundary holds.
